Electric currents induced in the Earth are concentrated, in many places, in rocks of anomalously high conductivity, which may have a locally elongated shape. If the currents in such a current channel close beyond the bounds of an area of observation, such as is provided by an array of magnetometers, we call them channelled currents. The presence of such currents can cause severe problems in the interpretation of magnetovariation fields. To identify current channels, which may carry channelled currents, we construct a data matrix with elements H(j, w) where j indicates position and spatial component of the magnetovariation field and w is frequency. If the fields are due to a single current channel, then the data matrix has the form of an outer product and H = uvt, where u is a real vector with components u ( j ) , and v is a complex vector with components v(w). This corresponds to the case where Re(HHt) has only one non-zero eigenvalue. Consequently the eigenvectors of the matrix Re(HHt) can be used to test for current channels. We also determine estimators for u and v based on a least-squares criterion. These estimators can be used to construct the three components of the magnetic fields of current channels over a two-dimensional surface. The efficacy of the method is illustrated by analysing data from a magnetometer array in western Canada. The analysis shows that the total and internal parts of the magnetovariation fields are dominated by currents in a single channel, whereas the external fields are not. As the current channel crosses the array it very probably cames channelled currents in the sense of this paper.
INTRODUCTION
In its simplest form a current channel is an elongated conductor like a wire, with enhanced conductivity. The channel may form a closed circuit within the boundaries of an area of observation, or it may close outside the area. Currents of the latter type will be called channelled currents. This term is widely used in the electromagnetic induction community, with a range of meanings. The definition given is generally consistent with most usage.
Channelled currents flow through a body of rock because of its conductive connection to the entire Earth. They are driven by EMFs induced in large regions of the heterogeneous Earth by time-varying magnetic fields of external currents. We shall identify the magnetic fields of such currents by the subscript CC (channelled current). Any body of rock will also carry currents induced in it by the normal field at its location; these currents are often said to be due to local induction. We shall identify the magnetic fields of such currents by the subscript CI.
It is easy to see that channelled currents must exist in the Earth, but dauntingly difficult to discuss them quantitatively. Weidelt (1977) studied channelling in a thin sheet model and showed that the effect was present, but would be small in real structures in the Earth similar to his model. If the conductivity were known everywhere in the Earth, and the inducing field were also known over the whoie surface, then in principle the current in a given body could be calculated by three-dimensional (3-D) modelling, given sufficient time and a large enough computer. The concept of channelled currents would then be redundant. In practice one has data for a limited area of the surface, and knows the inducing field only there at the best. In this situation the possible existence of significant channelled currents must be faced.
The topic has provoked much controversy in recent years, in part because it is tempting to invoke channelled currents to account for the failure of an attempt to match the electromagnetic response of a region by induction forward modelling. Jones (1983) has criticized such misuse of the concept, and urges the use of Occam's Razor, or economy of hypothesis, in the interpretation of magnetovariation and magnetotelluric fields. Specifically, where induction in two-dimensional (2-D) or 3-D models can match the observed response, current channelling should not be invoked.
All structures in the Earth are, of course, 3-D, and Jones discusses the conditions for an elongated body to be treated adequately in 2-D. A critical parameter is the ratio LID,,, of the length of the body to the skin depth in the host medium. If this ratio is large compared with unity, 2-D modelling gives a good approximation to the structure. 3-D numerical modelling is still practicable only for simple geometries: a good example is given by Rarnaswamy et al. (1980) . Analogue 3-D techniques allow more complicated structures to be modelled in some cases, in particular where the conductive structures can be well estimated and present large contrasts, as for an island in an ocean (Dosso, Nienaber & Hutton 1980) . It is much more difficult to use analogue modelling for a conductive body in a host rock within a continent, because one cannot estimate the positions, shapes and resistivities of other conductive bodies in the region. While the present authors agree with the advice of Jones (1983) to resort to 3-D modelling, in preference to invoking channelled currents, the latter cannot always be avoided. His review provides a valuable conspectus of the large literature of this difficult subject. This paper proposes the use of a multivariate method for determining the existence of current channels, and for estimating the magnetic fields from these. The method resembles singular value decomposition (SVD) of a data matrix 'and is also similar to some methods used to estimate parameters of pure-states in multivariate time-series (Samson 1983a) . The procedure also allows estimation of the topological dimensionality of a conducting structure, ranging from one-dimensional (1-D) current channels to conductors of higher topological dimensionality, involving surfaces or volumes.
While the method does not allow unique identification of fields due to channelled current (CC), the estimated fields can be inspected for morphology compatible with a channelled current. In addition, a careful comparison of the frequency-dependent external fields and the estimated internal fields due to the current channels (CC + CZ) can often suggest the presence of channelled currents. The global configuration of external fields has intensities, frequencies and polarizations which vary with time and spatial position, so that channelled current may have a spectrum substantially different from locally induced currents.
The utility of the methods and estimators will be illustrated by analysing the magnetic fields due to induction in a sphere, and magnetovariational fields from an array in western Canada.
A MODEL FOR T H E MAGNETIC FIELDS OF CURRENT CHANNELS
The magnetovariation fields observed by an array generally contain fields produced by current channels and those produced by induction in more complicated conducting paths. Current channels will produce both CC and CZ types of fields, which can be represented by: mc07 1) = mcc(4 r) + mc,(t, 4, (2.1) where m , is the magnetic field from current channels, t is time and r is a position vector. The fields from current channels are produced by currents of fixed geometry but with time-dependent intensities a(t). If there is only one current path, where dl is an elemental vector in the direction of the current, and r, and r are the position vectors of the current element and the observation point, respectively. The integration is over the path of the current channel. The current-channel model only approximates a linear conductor embedded in conductive media, since time-varying channelled currents will induce currents in the surrounding media (Jones 1986) .
At each location, the spatial direction p(r) of the magnetic field from a current channel does not depend on time, and the field is linearly polarized (Samson 1983b) . It follows that the pattern of the polarizations over the whole array is fixed in time.
The Fourier transform of (2.2) gives the frequencydomain model
We now introduce t h e . 3~ x 1 vector u with real components where x, y, z denote orthogonal components of the vector field and there are s observation points in the array. Then the frequency-domain model for the fields of the current channels becomes bc(w) = a(w)u. (2.6) This model is equivalent to that for a linearly polarized wave in a 3s-dimensional unitary space (Samson 1983b) where the complex amplitude, a, varies from frequency to frequency (or sample to sample) and u is the fixed direction of polarization. In this case, however, u must have real components. In contrast, the fields of currents induced in structures of higher topological dimensionality, which follow a variety of paths depending on the frequency and geometry of the source fields and the conductive structure, will be frequency dependent, so that
(2.7) These fields have non-linear polarization in the 3s-dimensional unitary space, and u is frequency dependent and has complex components reflecting the fact that the three spatial components of the field at each position can be elliptically polarized and have position-dependent phases.
The magnetovariation fields can be represented in a with v '~v ' = 1.0 and A a scalar. Then,
and Equations (3.7) and (3.8) are eigenvalue equations with A' as the non-negative eigenvalues of Hermitian matrices HHt and HtH, and u and v' are eigenvectors. The eigenvectors corresponding to the largest eigenvalue were chosen because this gives cPz an absolute minimum.
The eigenvectors u and v' and the eigenvalue A ' also appear in the singular value decomposition (SVD) of H (Lanczos 1961) . For the 3s X n matrix H we have the SVD H = UAVt, (3.9) where U is 3s X p , V is n x p , A is a p x p diagonal matrix and p 5 3s,n. The vectors forming the columns of U and V are orthonormal. From (3.9) we derive the set of equations
corresponding to equations (3.5)-(3.8). In particular, if only one eigenvalue is non-zero, then H = Auvft, where u is an eigenvector of HHt and v' is an eigenvector of HtH. In keeping only the largest eigenvalue and related eigenvectors in the SVD we obtain one estimator of H, (u and v complex). We now return to the problem of determining estimatqp for v and u, when u is a vector in a real space. The appropriate gradients of cP' give
where 't' denotes transpose of the matrix. Solving for u, where the components mij(wk) (k = 1, . . . , n) are the Fourier components of the ith spatial component of the field of frequency wk at the j t h position in the array. The data matrix for the field due to a single current channel will have the form H, = uvt, (2.9) where denotes the Hermitian adjoint, (2.10) and * denotes the complex conjugate.
ESTIMATORS OF THE MAGNETIC FIELDS OF A SINGLE CURRENT CHANNEL
Since we generally have no knowledge of the distribution of the magnetic vector fields, we determine the estimators of u and v by minimizing the sum square error given by the objective function:
where H, = uvt, and H is the magnetic field. This procedure assumes that the fields are dominated by a single current channel.
The form of the non-negative, Hermitian metric M-' will normally depend on the noise and the form of the induction fields from more complicated current structures. Estimation of the metric is not, in general, a simple task, and we have chosen to use M = I. This choice corresponds to induction fields which have essentially random variation (with frequency or sample) of the spatial pattern of the polarizations. That is where E denotes the expectation. In practice, M might be estimated from known characteristics of the area over which the survey was conducted. For example, for a perfectly conducting, uniform half-space all the z-component terms of b,(w) would be zero.
The minimization of cP2 is with respect to u and v, where v is a vector in a unitary space and u must be a vector in a real space. Before proceeding with this minimization it is useful to solve the slightly simpler problem where both u and v are vectors in a unitary space. A natural extension of this problem then leads to the desired solution. Taking the appropriate gradients, dcP2/dvt = (U~U)V -Htu = 0 d c P 2 / a t = (V~V)U -Hv = 0. In practice, it is generally simpler to solve the eigenvector equation (3.19) for u, and then determine v' or v by using equation (3.15). It is worth noting that the fields of current channels, u, estimated by equations (3.6) and (3.17) are simply linear combinations of the original data, H. Therefore, if the columns of the data matrix, H, represent curl-free magnetic fields, the fields of the current channel, u, are also curl free, since the curl operator is linear. and obtain u by
The matrix Re (HHt) is 3s x 3s, whereas H:,H,. is 2n x 2n.
SELECTION A N D PREPARATION OF THE DATA
A successful and rigorous analysis of magnetovariational data for the estimation of the magnetic fields from current channels requires a very careful selection of the samples or events and the frequency components to be used in the analysis. In general multiple frequency components are required, to look at the effects of induction at various depths. The inducing fields should also have a variety of polarizations and therefore multiple event data is preferred to single event. Finally, the spectral components from one or many events should be so weighted that the analysis will not be dominated by a large amplitude from one frequency component. After selection of the events and the frequency components, the next step is to remove the normal field component (Gough & Ingham 1983; ). This step is essential for the proper separation of fields into internal and external parts. The field is then separated with wave-number domain processing (Wang, Samson & Gough 1987) . The three sets of data, total field (internal + external) with normal field removed, internal and external fields, are analysed simultaneously and the comparison of results then gives a more complete strategy for evaluating the form of any channelled currents.
In order to determine whether consistent spatial patterns exist in the fields, the mean vector is removed at each The suitability of the events and frequencies chosen for analysis can be tested by checking the source fields for an approximately random distribution of spatial polarizations.
All the eigenvalues of Re(HHt) for the external fields should be approximately equal. If the internal field shows a larger dominant eigenvalue than the external field, then a component of the fields from a current channel probably exists. One caution is that the estimation of the external field, from an array much smaller than its wavelength, may have large intrinsic errors ) and these errors might contribute to the apparent randomness of the polarizations of the fields.
SOME EXAMPLES
Two examples of the analysis of magnetovariational fields are used here in order to illustrate our techniques and estimators. The first example uses the magnetic fields computed from the analytic solution for induction in a sphere to show that fields induced at random will not give a dominant first eigenvalue in the analysis. The second example uses data from a magnetovariation array in western Canada. The conductive anomaly, known as the Southern Alberta and British Columbia anomaly (Gough 1986 ) was earlier analysed by the separation of the fields into internal and external parts (Wang ef al. 1987) . The application of the new method gives an excellent example of a probable channelled current system. This example illustrates the fact that the eigenvalues provide some insight into the geometry of the induced currents. More complex geometries give a larger number of non-zero eigenvalues. For a nearly 2-D structure, for instance, only two large eigenvalues are expected and the larger one corresponds to induced currents mainly along the strike. It is appropriate, at this point, to introduce an which has a value between 1 (single current channel) and the smaller of n or 3s (totally isotropic local induction) (Samson & Olson 1980) . D can also be considered to be a measure of the geometry of the structure under consideration and/or degree of isotropy of the data matrix H. In our example with the sphere, 3 > D(n = 5) = 2.19 > 2, the possibility of a 2-D structure can be safely ruled out (i.e. D >>2), whereas the inducing field is not totally isotropic 
The sphere

The magnetovariational array in western Canada
Five frequency samples from four magnetovariation events were chosen, in order to include fields of different penetration ,depths and source geometries. The frequencies are 1. 041, 0.725, 0.265, 0.123 and 0.074 mHz (period = 16, 23, 63, 136 and 225min) . This frequency range covers a ratio of 3.8: 1 in the skin depth in a uniform conductor. These events have the semi-major axes of the polarization ellipses, averaged over all stations, oriented at different azimuths: (Y = -63.8, 2.2, 8.1, -10 .5 and 15.0 degrees, positive clockwise from north. Figure 1 shows the Z (vertical) components of the Fourier representation of the data with normal fields removed . The phases are chosen to make the average phase of X-component zero. Figure 2 shows the eigenvalues of H (elements of A, not those of A2), and Fig.   3 shows the estimated fields of the current channel (equation 3.19) contributions to the fields. The maps in Fig. 3 show results for external, total and internal fields, respectively, contoured in arbitrary units. Figure 2 shows that the first eigenvalue is about three times larger than the second for both the total and the internal fields. Conversely, the first few eigenvalues for the external fields are approximately equal, verifying that the inducing fields (external) exhibit the approximate randomness required in order to obtain reliable estimates of the fields due to a current channel. Figure 3(a) shows that in the estimated fields of current channels in the external fields, the X component shows a predominantly north-south .. . gradient, which is compatible with east-west ionospheric electrojets in the auroral oval (Rostoker 1972 ). Both total and internal fields give dominant first eigenvalues. This shows that the spatial patterns of the total fields are dominated by those of the internal fields. Consequently we consider that there is strong evidence for channelled currents, providing an internal field which is stronger than the external field.
The dimensionality measure D (n = 5 ) for the external field is D =2.87, showing a reasonable degree of randomness in the samples chosen for the inducing fields.
For the internal field, D = 1.38 which is close to unity as we expect for fields generated predominantly by a single current channel. The value of D for the total field, 1.68, is slightly larger than the internal value, implying that the spatial pattern of the total field is mainly controlled by that of the internal field, with some effects from the more isotropic external field.
Further insight can be gained from inclusion of only one component, X, Y or 2, in the data matrix H. The degree of dominance of the largest eigenvalues for the total field depends on the component. The largest eigenvalues (A) for the two horizontal components are more dominant than that for the vertical component. This is reasonable as local induction tends to make the anomaly more obvious in the vertical fields, so that the total Z-components tend to resemble the internal Z-component (Wang 1987) .
CONCLUSIONS
The examples show the utility of our method for estimating the existence of current channels and the fields associated with them. The analysis, together with other evidence , support the possible existence of channelled current under the area of the magnetometer array in western Canada. The fields contoured in Fig. 3 (bottom) clearly indicate a roughly linear current flowing in the Earth from the south and passing out of the array to the north-east. The closure of the contours of the two horizontal components may indicate that the current flows deeper at the edges of the grid. However, this feature might alternatively be a result of the inaccurate separation of the field into internal and external parts . By using a constrained non-linear programming technique Wang (1987) has inverted the internal field data to determine the parameters of a line current source. The estimated depths of the assumed line current for fields of different frequencies support a channelled current. At higher frequencies the inverted depth is deeper, which can be explained for a channelled current with higher frequency is shielded more severely by the overlying conducting Earth, and therefore should appear deeper. Conversely, locally induced currents should appear to be at shallower depth at higher frequencies since the penetration depth is inversely proportional to the square root of frequency.
The amplitudes of the components of the complex vector, vi (equation 3.20) , give the relative strengths of the fields due to a current channel at each of the selected frequencies (equation 2.9). For the internal field, these relative amplitudes are about equal, ranging from 0.428 to 0.566. The smallest value corresponds to the frequency sample at 1.041 mHz and the orientation of the semi-major axis of the corresponding polarization ellipse is approximately perpendicular to the current channel-the most favourable situation to induce currents in the channel. This shows that, while local induction has some effect, it does not give the major contribution to the field from the current channel.
The methods and estimators, which we have developed in this paper, can be easily extended to estimating patterns and polarizations which dominate the observed fields and which do not change from event to event or with frequency. These patterns can then be compared to those expected from certain physical features of the fields under consideration. The linear polarization (in a 3s-dimensional space) of the field of current channels is only a special case of such polarized waves. In this paper we have paid attention mostly to the left vector u to discuss the spatial pattern of field. The right vector v, however, provides valuable information on the spectral characteristics of the fields.
